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ABSTRACT
Let (€2, F, P) be a probability space and {Fn}n>o a regular increasing
sequence of sub-o-fields of 7. Let Hi(2) be the usual Hardy space of Fp-
martingales. We show that the couple (H1(Q), Loo(£2)) is a partial retract
of (L1(R), Loo(§2)). It is also proved that (L,(§2), BMO(f1)) is a partial
retract of (Lp(2), Loo(R2)) for all 1 < p < o0.

1. Introduction

Let {F,}»>0 be an increasing sequence of o-fields on a probability space (2, F, P)
with Vn20 Fn = F. In this paper {F,},>0 will be always assumed regular in
the sense of [9], that is, each F,, is generated by a finite partition {Q, ;}; of Q
and there exists a constant M such that

(1) P(Qn;) < M P(Qny1,i), whenever Qny1; C Qn ;.

The letter M will always denote the constant in the above inequality. A typical
example of such sequences of o-fields is obtained by the dyadic partitions of the
unit cube in an Euclidean space. Our general reference for martingale theory is
[9].

Let 1 < p < co. We denote L,(2, F, P) simply by L, and its norm by || - ||,-

Then for a random variable f € L; we set, as usual

fon= E(flfn)’ [T =sup|fal
n>0
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The Hardy space H, of martingales on (Q, F, P) relative to {F,}.>o is defined
by
Hy={feLli:f*ely} with||flag, =f",

It is well-known that for 1 < p < oo, H, = Lp; more precisely, there exists a
constant C}, depending only on p such that
(2) 1f*lls < Collfllpy VY f€Lp, 1<p<oo.

It is also well-known that H; can be characterized by the square function:

— 1/2
fEHl (|f0|2+2|fn'_fn—1|2) / eLl.
n>1
One of the two main results of this paper is the following retractive type

theorem concerning the couple (Hy, Lo ).

THEOREM 1: Given any f € H, there exist two linear operators S and T defined
on L, satisfying the following properties:
(i) S(f) = f* and |S(g)| < g* for any g € Ly; consequently, S is a contraction
from H, into L, and also from L., into L.
(ii) T(f*) = f and T is simultaneously bounded from L, into H, and from Lo
into Lo, with

IT: Ly — Hy|| < CM?, IT: Loo — Loo|| < CM?,

where C is an absolute constant and where M is the constant in (1).

Another main result is about the couple (L;, BMO). Recall that BMO of
martingales on (Q, F, P) relative to {F, }n>0 is the space

BMO = {f € Li: || |fol + sup E(If = fac1l|Fa)lleo < 00}
In our case where {F,},>0 is regular, this space can be also defined by

BMO = {f € Li: || [fol + sg%E([f — fall Fo)lloo < 00}

It is normed by ||fllemo = ||f*|lco, where f* is the so-called sharp function of

Fefferman—Stein:
fn = |fol + Sl;ISE(lf - fn||]:n)
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Recall the well-known inequalities

3) co Ifllo < IF¥lp < Collfll ¥V fE Ly 1<p<oo,

where ¢, and C, are two constants depending only on p. For p = 1, (3) admits a
weak-(1, 1) type inequality. Let L; o, be the weak-L; space on (£2, F, P). Then

(4) e lfll U2y < Culifll, Y f €Ly

(3) and (4) are the martingale version of the classical Fefferman-Stein theorem
about the sharp function on R*. They can be proved in the same way as for R™
(cf., e.g., [8]).

Now we can state our theorem about (L;, BMO).

THEOREM 2: Given any f € L there exist two linear operators S and T defined
on Ly satisfying the following properties
(i) S(f) = f* and|S(g)| < ¢" for any g € Ly; consequently, S is simultaneously
bounded from L; into L1  and from BMO into L., with

”S Ll — LLOOH S Cl, “S BMO - LOQ“ S 1,

where Cy is the constant in (4);

(it) T(f*) = f and T is simultaneously bounded from L into L; and from L.
into BMO with

|T: L, — Ly|| < CM?, |IT: Lo — BMO|| < CM?,

where C is an absolute constant and where M is the constant in (1).

Theorems 1 and 2 are in fact two interpolation results. Their applications to
interpolation will be given in section 4 below. To be more “interpolationist”, let
us introduce the notion of partial retract, a notion we did not know and kindly
suggested to us by M. Cwikel. The reader is referred to {1] - [3] for unexplained
notions and notations on the interpolation theory.

Let (Xo, X1) and (Y, Y1) be two interpolation couples of Banach spaces. We
say that (Xo, X1) is a partial retract of (Y, Y3) if for any z € Xy + X, there
exist two linear operators S: Xo+ X; - Yo+ Yiand T: Yo +Y; — Xo + X5 such
that TSz = xr and S (resp. T') is simultaneously bounded from X; (resp. Y;) to ¥;
(resp. X;) for i = 0, 1. If additionally the norms ||S: X; — Y;|| and ||T: Y; — X;||
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(i = 0,1) are bounded by a constant C independent of x € X+ X, then we say
that (X, X1) is a C-uniformly (or uniformly, for simplicity) partial retract
of (Yo, Yl)

Remarks: (i) If (Xg, X1) is a partial retract of (Yp, Y1), then interpolation prob-
lems on (Xg, X;) can be brought to those on (Yp,Y1). For instance, if this is the
case and if (Y, Y1) is a Calderén couple, then (Xp, X1) is a Calderén couple as
well. It is in this way that M. Cwikel [6] proved that a couple of real interpolation
spaces between two given spaces is a Calderén couple. In fact, Cwikel showed
that such a couple is a uniformly partial retract of a couple of weighted [,-spaces.

(ii) Theorem 1 shows that (Hy, L) is a uniformly partial retract of (L1, Loo).
Note that Theorem 1 is somewhat more precise than this latter simple statement,
since given f € H; we know the value of the associated operator S at f. This
precision will be useful in applications. On the other hand, Theorem 2 does not
imply that (L;,BMO) is a partial retract of (L;, Loo), but it does imply that
(Lp,BMO) is a uniformly partial retract of (L, L) for all 1 < p < oo (see
section 4).

(iii) Theorems 1 and 2 are motivated by the main result of [14], which says that
(H1(D), Hoo(D)) of analytic functions in the unit disc D is a uniformly partial
retract of (L1(T), Loo(T)) on the unit circle.

Theorems 1 and 2 deal with discrete martingales. In a subsequent paper [15] we
will consider martingales in continyous time, in particular, Brownian martingales.
The analogues of Theorems 1 and 2 on Brownian martingales in [15] are of special
interest since they imply similar results for (Hi, L) and (L1, BMO) on R™.

The proofs of Theorems 1 and 2 are presented respectively in the following
two sections. They are constructive and based on a refined atomic decompo-
sition already used in [11] and [13]. The construction of the operators T in
both theorems is adapted from a similar one in [14] corresponding to the couple
(H1(D), Hoo(D)). Applications to interpolation are given in section 4.

ACKNOWLEDGEMENT: We are grateful to the referee for some useful

suggestions.

2. Proof of Theorem 1

From now on, the probability of a measurable subset A C  will be denoted by
|A|. Subsets in the finite partitions generating the F,’s will be called cubes;
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for any cube Q € ¥, (n > 1) the unique cube R € F,,_; containing Q will be
denoted by Q and called the double of Q. Note that if Q and R are two cubes
such that @ N R # §, then either Q C Ror R C Q.

Now we proceed to prove Theorem 1. The existence of the operators S in both
Theorems 1 and 2 follows from the generalized Hahn-Banach theorem, since
the maximal function operator and the sharp function operator are positive and
sublinear. Alternative simple proofs can be easily found. We have chosen to give
a simple proof for S of Theorem 2 in the next section. The reader can modify that
proof in order to get S in Theorem 1. Thus we pass directly to the construction
of T.

Let f € Hy. It is clear that if f = f, the multiplication operator by the sign
function of fp gives the required operator T. Thus we assume fy = 0. We will
decompose f into a sum of atoms with special properties. To this end we need
construct a family C of cubes, which will be defined by induction and by using a
standard stopping time argument as in [11].

Let Qi = {f* > 2%}, k € Z. Then |Q| — 0 as k — +0co and each Q can be
written as a disjoint union of maximal cubes contained in it. Here by a maximal
cube in a subset A we mean a cube @ such that Q C A and its double Q is
not contained in A. Note that any maximal cube in 2 is contained in a unique
maximal cube in Q;_;.

As the first step of our induction we include in C all cubes in Fy; then for any
Qo € Fo we set (recalling that M is the constant in (1))

K(Qo) = inf {k: 9% 1 Qo] < ﬁmd}.

Writing Q4 (g,) as the disjoint union of its maximal cubes, we let C’'(Qo) be the
family of those maximal cubes of Q(q,) contained in Qo and C(Qo) the family
of the maximal cubes in {Q: Q € C'(Qo)}. Then we include in C all cubes of
C(Qo) for any Qo € Fo.

As the second step, we take any cube Q € C(Qo) for each fixed Qg € Fo. Then
Q is the double of some cube Q' € C'(Qp). Define

KQ) = inf {k: 10N Q'] < @'l }.
2M

As above, let C’(Q) be the family of the maximal cubes of Q(q) contained in Q'
and C(Q) the family of the maximal cubes in {R: R € C’(Q)}. Then all cubes of
C(Q) are included in C.
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Then for any cube already added in C and not in Fy we continue the same
procedure as in the second step. In this way we finish the induction and thus the
construction of the family C which satisfies the following properties:

(5) Each Q € C corresponds to an integer k(Q) such that Q@ = @’ for some

cube Q' (if Q € Fo, Q' = Q and Q' = Q' by convention) and such that

; 1
Q" N Q| < W|Ql| and Q' N Qg Q'l.

b2 5l

(6) If Q, R € C are such that @ C R and Q # R, then k(Q) > k(R).
(7) Each Q € C corresponds to a family C(Q) of disjoint cubes contained in @
such that

> IRI< 510l

ReC(Q)

The above properties (5) and (6) are already contained in the construction
of C. (7) is established as follows

Y RS Y IRIsM Y IR

ReC(Q) R'eC’(Q) R'eC'(Q)
1 1
= M|Q' N Q)| < §|Q'I <slel

For @ € C we set
=~ |J R
ReC(Q)

Then {A(Q): Q € C} is a family of disjoint subsets of { with union equal to .
Now we can define the atoms that we have promised. For @ € C let

aQ = |A(Q | / f and ag=(f-aQ)xa@ + Z QRXA(R)>
ReC(Q)

where Y. denotes the indicator function of a subset e in 2. The definition of ag
is motivated by [13]. Then the family {ag: @ € C} enjoys the properties:

8) f= EQec aqQ-

(9) Each ag is supported in @ with [ag =0 and [lagllec < 5- 2k(@),
(10) | X gec 27¥Plaqllleo < 10.

Since fo = 0, ag = 0 for any Q € Fo; that yields (8). It is clear that each ag
is supported in A(Q) U (Ugrec(q) A(R)) and so in @ and with mean value equal
to 0. If Q € C is not in Fo, then @ € C(Qo) for some Qo € C; s0o Q = Q’ for
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some Q' € C'(Qo). Note that Q' is a maximal cube in Q(g,). Hence Q is not
contained in $2(q,). Then it follows that

1 / k(Q
el f’ <2 o)
‘|Q| Q

Now by (7), |A(Q)| > 3|Q|. Therefore, |ag| < 2-2%@0)_ On the other hand, if
w € A(Q), then w ¢ Q(g); 50 |fxaQ)| < 2%@. Therefore, by k(Q) > k(Qo),
we obtain

lag| < (zk(Q) +2. gk(Qo))XA(Q) + Z 9. 2k(Q)XA(R) < 5.2k@Q)
ReC(Q)

This gives (9). Finally, (10) follows from (9) and the fact that at most two of the
supports of the ag’s overlap.

In order to define the desired operator T, we need one more notation. For
Qe let

e(Q) = Q N Qgy-1> U (RN Qry-1)-
ReC(Q)

The e(Q)’s are disjoint and by (5)

Y@= U e®)]=10n%al> 500l

ReC,RCQ ReC,RCQ

Now we are ready to define T. Let Q € C. Define

1 -
TQ(9)=@ > 2 k(R)/ g, VgelL.
REC,RCQ (R)

Note that f* > 2F(®)~1 on ¢(R); so by (11)

Let Ag = 1/To(f*). Then 0 < Ag < 4M?2. Finally, we define T by

T(9) = ) AeTe(9)aq, Vg€ L.
Qec
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We are going to check T satisfies the requirement of Theorem 1. It is clear that
T(f*) = f. Now let g € L. Then by (6)

Ta(o) < Molle 5= gommepy)
|Q| REC,RCQ

< Mol y1@)1g 1.0, )] < Ilglloo2@ ),

1@
Hence, by (10)
IT(@)loo < 4M3{lgllooll D 275 @ laqlllco < 40M2g]lco,
Qec

which shows that ||T: Lo, — Loo|| < 40M?2.

For the boundedness of T from L; to Hj, we first note by (9) that for each
Q €C, (5-2¢D)Q|)ag is an atom; so ||lagla, < 5-259)|Q|. Let g € L;. Then
we have

IT@)llm < D AolTo(9)l-5-25@1Q|

QeC

<20M2 Y 2@ . 3 2*’0(3)/ 9]
Qec RCQ e(R)

=20M% )" 2-’“’*)/ lgl > 2@
ReEC eR)  @or

< 20M2 3 2HB) / gl - 24RO (by (6))
ReC e(R)

< 40M2||g]};.

Therefore, ||T: Ly — H1|| < 40M?, which finishes the proof of Theorem 1.

3. Proof of Theorem 2

The proof of Theorem 2 is similar to that of Theorem 1. Now we work with the
sharp function f* instead of the maximal function f*. First let us give a simple
proof for the existence of the operator S.

Let f € L, and € > 0. Choose a sequence {a,} of positive random variables
such that

S‘;I())E(U - fn”]:n) <(1+e) ZanE(,f - fn”fn)’ I Zan“oo <L

n20 n>0
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Let sgn z denote the sign of a number =. For any g € L, we define

S(Q) = Sgn(fo)go + UZ anE(Sgn(f - fn)(g - gn)lfn)

n>0

where

u=supEf fnl'j:n(zan (If = fn||~7:)

n>0
Then Sf = f* and |Sg| < (1+ €)g* for all g € Li; so an appropriate limit of S
as € — 0 satisfies the requirement of Theorem 2.

To construct the operator T we will keep all the notations in the previous
section, just replacing everywhere the maximal function f* by the sharp function
f*; so, now, for example, the set Q. is defined by Qx = {f* > 2¥}.

Before starting the construction, let us note the following identity:

() =
w) = folw) ”3‘6‘2|Q|/|f |Q|/fl Voed,

where the supremum runs over all cubes containing w. In the following, it is this
formula that we will use.

Let f € L;. As in the proof of Theorem 1 we can, and do assume f, = 0.
Let Q4 = {f* > 2*} and C be the family of cubes constructed as in the previous
section. Then we still have the properties (5)-(7) for C.

For each Q € C let

Bo = |Q|/f and bo=(f—folxa— 3 (f-Br)x

ReC(Q)

Now the family {bg: Q € C} replaces {ag: Q € C} in the previous section. It
satisfies:
(12) f =2 gecbe
(13) Ilbglls < 2-25@Q|, vQec.

(12) is evident. For (13) we note that @ € C(Qg) for some Q¢ € C and so
Q = Q' with Q' € C'(Qo). Then Q contains points not belonging to Q(Qo)-
Hence

1 / k
__ f-Bol<2 (Qo)_
0] QI ol
Therefore, by (6) and (7)
lbglly < 2¥91Q| + Y 2*P|R|<2-25|q|.
ReC(Q)
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Let ¢(Q) and T be defined as in the previous section. Then To(f*) >
1/(4M?). Finally, we define T by

=Y ATo(9)be, Vg€ L,
Qec

where A\g = 1/To(f*). Hence 0 < Ag < 4M?2. Then T(f*) = f and we check, as
before, that
“T(g)lll < 16M2||g“1a Vg € Ll’

which shows that T is bounded from L; to itself.
Let us prove the boundedness of T from L., to BMO. Let g € L. First note
that E(T(g)|%o) = 0; so

1 1
T )asio =swp 0 [ [160) 137 [ 70

where the supremum is taken over all cubes. Let Qg be any fixed cube. We have

2 o 10 =15 [ 70
< X YalTe@iigy |. [t~y [ el
= T solfaoligy [, o= g [, el
+Q§20)\Q|TQ(9)I|$—O| o bQ‘Téloj % bQ|
=I+1I

We are going to estimate I and II separately. For I we observe that for any
Q € C such that @ C Qq we have fQo bg = 0 and so, by (13),

1 1 2|Q| KQ)
- bpo| = —||b, —2
@1 Jo, bel = g tel < g5

1
— b
1Qol Jao

Therefore, it follows, by (7), that

8M?|[g]loo 8M?|lgllo mng2
<=l Q;? Q< = +2|Qo| = 16M7ig] oo
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To estimate II note that for each @ € C, by is constant on R for any R € C such
that R C Q. Then it follows that in the sum II at most one term is not equal to

0. Let Q1 be the least cube in the family {Q € C: @ D Qp and Q # Qo}. Then
the only possible non-zero term in I7 is

’\Ql |TQ1 (g)l

1
IQ [ Jo, 1o ‘quo”@"

Hence
IT < 4M?||g||oo27*(@)

1 1
1Qol Jo, ba - 1Qol Qo le"
Note that any R in C(Q;) contains points not belonging to (@, ); so if @oN R #
0, then R C Qo, and thus Qo contains points not belonging to Q4(g,). On the
other hand, if Qp does not intersect any R in C(Q;), then Qo does not intersect
Qi (q,)- Therefore we deduce that

! bo, — — [ b ‘
1Qol Ja, TON Qo o
1 1
<oihl-gild+ ¥ o [ 17 = pal
1Qol Jo, |Q0| REC(On)RCOo |Qol Jr
< oM@ 4 IQLo M@ S |R| g2 9k@),

ReC{1), RCQo
Combining the preceding inequalities, we obtain IT < 8 M?||g||- Therefore, for
any g € Lo, and any cube Qg we have established

R 2
G0l Jo, T lQol/ 9l'< 24719l co-

Thus [|T: Lo — BMO || < 24M?; so the proof of Theorem 2 is complete.

4. Applications to interpolation

We begin with a definition. Let X be a Banach space of integrable functions on
(Q,F, P). We set

HX)={fel: f"e X} and [fllaco=If"x.

H(X) is the Hardy space associated to X of martingales relative to {F,}n>0. By
(2) and interpolation we may show that if X is an interpolation space between
Ly, and L, for some p > 1, then H(X) = X with equivalence of norms.

In the sequel ¢ will denote a constant independent of functions in
consideration.
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COROLLARY 1: Let F be an interpolation functor. Then

F(Hy, Leo) = H(F(Ly1, Loo))-

Proof: Let f € F(Hy,Lo). Then by Theorem 1 we have a linear operator S
such that S(f) = f* and such that S: H; — L; and S: Lo, — Lo are both
bounded with proper control of norms as in Theorem 1. Hence S: F(H;, L) —
F(L1, L) is also bounded; so

N lrzy L) = IS PLy,Le) < CUFlIF@EL L)

Therefore, F(Hy,Lo,) C H(F(Ly,Ly)). The converse inclusion can be proved
similarly by using T in Theorem 1. The detail is omitted. ]

Remarks: (i) Applying Corollary 1 to the real and complex interpolations we
obtain the following known results (cf. [7] and [11] respectively for the real and
complex interpolations):

(Hl,Loo)g_p=Hp and (HlyLoo)Gsz (0<0<1, 1/p=1—9).

(ii) By the Aronszajn—-Gagliardo theorem (cf. [2]) for any interpolation space
Y between H; and L., there exists an interpolation functor F' such that Y =
F(H1, Ly); so by Corollary 1, Y = H(F(Lj, Ly)). This shows that any interpo-
lation space between H; and L, is the Hardy space associated to an interpolation
space between Ly and L.

COROLLARY 2: Let f € Hy, and S, T be the operators given to f by Theorem
1. Then for any exact interpolation space X between L and L., S is bounded
from H(X) to X and T is bounded from X to H(X); moreover, the norms of S
and T on these spaces are majorized by a constant depending only on M in (1).

This corollary follows easily from the Aronszajn-Gagliardo theorem and
Corollary 1.

With the help of Corollary 2, we can extend Corollary 1 to a more general set-
ting. Recall that K(t,z; Xo, X1) denotes the K-functional of a couple (Xo, X;).

COROLLARY 3: Let Xy and X be interpolation spaces between Ly and L,. Let
F be an interpolation functor. Then
(i) F(H(Xo), H(X1)) = H(F(Xo, X1));
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(ii) for any t > 0 and any f € H(Xo) + H(X;)
K(t, f; H(Xo), H(X1)) = K(t, f*; X0, X1) uniformly int and f.

The proofs of this corollary and the following one are similar to that of
Corollary 1, and so they are left to the reader.

Let us recall that an interpolation couple (X, X;) of Banach spaces is a
Calderén (or Calderén-Mitjagin) couple if z,y € Xo + X; are such that

K(t,y; Xo, X1) < K(t,2; X0, X;) forallt >0,

then there exists a bounded linear operator T from X; to itself for ¢ = 0,1 such
that T(z) = y. The well-known Calderén theorem [4] says that (L1, L) is a
Calderén couple.

COROLLARY 4: Let (Xg, X;) be a couple of interpolation spaces of (Ly, L.). If
(Xo, X1) is a Calderdn couple, then (H(Xo), H(X1)) is a Calderén couple as well.
In particular, (Hy, Ly,) is a Calderdn couple.

Remarks: (i) Corollary 4 is the regular martingale version of the corresponding
theorems on (H,(D), Hyo (D)) and (H1(R), Lo (R)), due to P. Jones [12] and R.
Sharpley [13] respectively. Note also that Jones’ theorem follows from the main
result of [14], already cited in section 1.

(ii) By the K-divisibility theorem of Brudnyi-Krugljak (cf. [2]), the fact that
(H1, L) is a Calderdn couple, together with the K-functional characterization of
(Hy, L) in Corollary 3, gives a complete description of the interpolation spaces
of (Hy, Loo). In particular, this recovers Corollary 1. Here, without appealing to
the Brudnyi-Krugljak theorem we have completely described the interpolation
spaces of (Hy, L) directly by Theorem 1.

Let us mention an application of Theorem 1 to the complex interpolation for
families of Hardy spaces.

Let D denote the unit disc of the complex plane and T its boundary with the
normalized Lebesgue measure. Let {X¢: ¢ € T} be an interpolation family of
Banach spaces in the sense of [5]. Then for any z € D, {X}{z] denotes one of the
interpolation spaces constructed in [5]. It is known that if {X;: ( € T} consists
only of two spaces, {X,}[z] becomes the classical complex interpolation space of

Calderén. The reader is referred to [5] for more information.
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COROLLARY 5: Let p(¢) be a measurable function on T with 1 < p(¢) < oo,
then
{H,,(()}[z] = Hy;), VzeD,

where 1/p(z) = [ (1/p(¢)) P:(¢)d(, P, being the Poisson kernel of D at z.

Proof: Let f € Hp(,). Then by Theorem 1 we have an operator T such that
Tf* = f and such that 7: L, — H; and T: Lo, — L., are bounded; so
T: Lp¢) — Hp(c) is bounded for all { € T and of norm bounded by a con-
stant C. Then by the interpolation theorem of [5], T: {Ly¢)}2] = {Hp()}[2] is
also bounded and of norm < C'. Recall that {L,¢)}(2] = Lp(,) with equal norms.
Therefore

o3 < CUEF MLy 3l = CUF* Ly, = Cllflia,.,-
Hence, we get the inclusion H,(,y C {Hp)}[2]. The reverse inclusion is proved
similarly. ]

Now we turn to applications of Theorem 2. Let us first formulate its following
consequence.

COROLLARY 6: (L,,BMO) is a uniformly partial retract of (L,, L) for all
1< p<oo.

Corollary 6 has applications on the couple (L,, BMO) similar to those of The-
orem 1 on (Hj, Lo,) given previously. Here we just mention the following

COROLLARY T: Let 1 < p < 0co. Then (L,, BMO) is a Calderdn couple.
We end this section by a final remark on (L;, BMO).

Remark: Although Theorem 2 does not imply that (L, BMO) is a partial re-
tract of (L1, Leo), it does identify the real intrpolation spaces between L; and
BMO. For example, by Theorem 2 we can easily get the following result (cf.
[10]):

(L1,BMO)gp =L, withl/p=1-6 (0<6<1).
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